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Abstract 

The quasi-invariance is proved for the distributions of Poisson point processes under 
a random shift map on the path space. This leads to a natural Dirichlet form of jump 
type on the path space. Differently from the 0-U Dirichlet form on the Wiener space 
satisfying the log-Sobolev inequality, this Dirichlet form merely satisfies the Poincare 
inequality but not the log-Sobolev one. 
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1 Introduction 



Stochastic analysis on the path space of diffusion processes on manifolds has been intensively 
studied in the past 15 years, see e.g. [5j for the quasi-invariance of (Riemannian) Wiener 
measures and integration by parts for the Malliavin gradient, [9], [H [121 12] for Poincare and 
log-Sobolev inequalities of the associated 0-U type Dirichlet forms, and [HI HE], [IDl H] for 
Talagrand type transportation cost inequalities, [HI |13] for construction of the associated 
infinite-dimensional diffusion processes, and [TJ [8] for the study of L^-Hodge theory and the 
Markovian uniqueness of the Dirichlet form. 
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The purpose of this note is to start the corresponding analysis on the path space of jump 
processes. As a standard model, we shall consider here the Poisson process X = {Xt : < 
t < T} on R'^ with Xq = and the intensity i/ (cf. [T5]). We assume that z/ is a probability 
measure on \ {0} . The study for finite p is equivalent to a change of the time interval 
[0,T]. 

The path space of X is 

Mt = {uj : [0,T] ^ M'^ : u; is right continuous having left limits}, 
which is a Polish space under the Skrohod metric 

p(uj, 7) := inf 1^ > : there exist n > 1,0 = sq <■■■< Sn = T,0 = to <■■■< tn = T 

such that \ti — Si\ V \u)t — 7t| < 5, sup — 7t| < 5, 1 < i < n>. 

Let /i be the distribution of X, which is thus a probability measure on Mt- 

Following the definition of the Malliavin gradient on the Wiener space, we need to in- 
troduce a shift operator on such that fi is quasi-invariant. Intuitively, if the process 
jumps at time t, the path from t on should be shifted in the same scale. On the other 
hand, however, since in probability one the process does not jump at a fixed time, to make /i 
quasi-invariant the path can only be shifted at a random time. As a simple choice, we shall 
take below the random time an independent uniform random variable r on [0, T]. Thus, the 
map will be 

ijj : U UJ + ^l[r,T], 

where ^ is a random variable on M'^ with distribution u such that {X, r, ^} are independent. 

Let fi be the distribution of X -|- ^l[r,T], which is again a probability measure on Mt- 
According to Theorem 12.31 below we have 

(LI) fM{duj) = T-^NT{uj)j2{duj), 

where under the probability measure fi, 

s<t 

is a Poisson process on Z_|_ with intensity 61 (i.e. the Dirac measure at 1). In particular, 
KNt) = T. 

For two functions F, G on M^, let 

rtA^,G) = {F{- + x^,T]) - F{-)){G{- + xl[t,T]) - G{-)), X e M^t G [0,T]. 
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Due to (11.11) . the form 

J- Jmt Jo JR'i 



is well defined on 



^(^) := [F e L\MT;fi) : c^{F,F) < oo}; 



that is, the value of S^{F, G) does not depend on /x- versions of F and G. The main result of 
the paper is the following. 

Theorem 1.1. (<f , S!{<S)) is a symmetric, conservative Dirichlet from on L'^{Mt', fi) and the 
Poincare inequality 



(1.2) fi{F^) <Tc^{F,F) + fi{F)\ Fe^{(^) 
holds. But for any G > the log-Sobolev inequality 

(1.3) fi{FHogF^) <Gc^{F,F), F e ^(^),/i(F2) = 1 
does not hold. 

This result will be proved in the next two sections: (11. ip will be proved in Section 2 while 
the remainder, i.e. the proof of (11.21) and the disproof of (11.31) . will be addressed in Section 
3. 

2 The Dirichlet form and generator 

The main purpose of this section is to prove (11.11) . We shall first prove it for Markov chains 
on Z"^ then extend to Poisson processes by an approximation argument. 
For any k eZ'^, let 

t<T 

Lemma 2.1. Let v he supported on if- . Then for any k & TJ^ such that v{k) > 0, the 
distribution fik of X + kl[T-,T] is absolutely continuous with respect to fi with 

Consequently, holds and {(S',^[(S')) is a well-defined Dirichlet form on L^(Mr;/i). 
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Proof. We shall only prove (12. ip since the proof of the remainder is simple and standard. 
In the present framework X is a shift-invariant conservative Markov chain on Z'^ with the 
Q-matrix {qij)ij(zzd given by (cf. [3]) 



Let {ptil) '■ I G Z*^} be the distribution of Xt. On any finite set K there exist a constant 
C > and a positive continuous function h on [0, 1] with h{s) | as s | such that 

(2.2) |p,(0)-l| <Cs, b,(/)-sz/(/)| </i(s)s, /e A^\{0},sG [0,1]. 

Let F be a bounded cylindrical function on Mt depending only on coordinates at < si < 
■ ■ ■ < Sm "^T. \i suffices to show that 
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(2.3) EF(X + kly^^T]) = TnT.nF{X)N. 



Tp{k) 



By first replacing ^{k) by y^ik) := {^{k) + e2~l^'l)/ (1 Xlfc 2^'*^') then letting e | 0, we may 
and do assume that v{k) > for all /c G Z'^. 

To prove (12.31) . let /„ = {0 = to < < ■ ■ ■ < tn = T} D {si, ■ ■ ■ , Sm} be a sequence of 
partitions such that 5(/„) := maxi<j<„(tj — tj_i) J. 0. Let ||ci;||„ = sup{|u;tj : tj G /„}. Let / 
be a bounded measurable function on (Z'^)" such that 

F(a;) = /(wt,,--- uj e Mt. 
Let /q = 0. For any i? > 0, we have 

Ur := E[l|||x||„</?}F(X + /cl[.,T])] = ^ y E[l|||x||„<ij}F(X + fcl[i,T])]dt 
1 " 

= - - t,_i)E[l{||x||„<iJ,}F(X + kl[t^,T])] 

1=1 

1 " 

= - ^(t. - t,_i)E[l|||x||„<i?}/(Xi„ ■ ■ ■ ,Xt^^^,Xt^ + k,--- ,Xt„ + k)] 
1=1 

^ n n 

Kl|,-,|/n|<i? i = l i = l 

By changing variables (/i, ■ ■ ■ , /„) '-^ (^i, ■ " " > ^i-i; k ~ k, ■ ■ ■ ,ln — k), and letting 

^ii,A:,^ = {(/i, ■ ■ ■ , i^n) G {^''r ■■ <Riorj<t-l, \l, -k\<R for J > z}, 
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we obtain 



U. 



R 



i-l, 



n 



(«i,---i„)e/Cfl,fc,i 



By this and (12.21) . for small enough 5{In) such that (note that we have assumed that v{l) > 
for all / G Z'^) 

min{i^(/) : |/| < A; + 2R} -Cho 5(/„) > 0, 
where C and h are defined in ((221) for K = {/ G Z"^ : |/| < A; + 2i?}, we have 



1 
T 



1=1 



i=l 



max{u{l) : |/| < + 2i?} + /io5(/„). 
^' mm{u{l) ■.\l\<k + 2R}-ho 6(1^) " 



(X,^ - X,^_, i {k, 0}) 



+ 



\\F\Ub{ln)\v{k)^Chob{ln)\ 



i=l 



^ C'\\FUb[l^) \\FUb{U)\{v{k)^Chob{U)\ 
- T ^ l-C5{In) 

for some C" > depending only on v and + 2i?. Here, we have used the fact that 



i=l 



Letting n ^ oo and using (12.21) again, we arrive at 



1 " r 0(0) 



i=l 



E[F(X)iVf l{||x-M,,,,,IU</j}]: 



Tz/(A;) 



where ||ci;||oo := supj<y \ujt\. Letting i? — > 00 we complete the proof. 



□ 



To identify the generator of (ff , ^0{S')), for any k ^TJ^ let vrfc(-, dt) be the regular condi- 
tional distribution of r given X + /cIj^- t^]. 
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Lemma 2.2. If u is supported on then the generator (LjS'^L)) of {£' , ^ {(o)) satisfies 
&{L) D e^fe(Mr), the class of all bounded measurable functions on Mt, and 



(2 4) 



Proof. Let F, G G e^b(Mr). We have 



-^(F,G) = f dt [ Giu){Fiu + k^,T])-Fico))fxidu 

^2-5) + ^ i.(A;)e[g(X + kl[^^T]){F{X) - F{X + A;l[,,r])) 



=: A1 + A2. 
By the definition of vTfc, we have 



A2=J2 ''(^) [ G{u)fXkidu) [ {F{iu - klit,T]) - F{u))7ik{u, dt) 
-^a/t Jo 



Combining this with fl2.5p . we arrive at 



(2.6) -S{F,G)= \ G{iu)LF{iu)i2{duj). 

This completes the proof. □ 

The formula (12. 4p indicates the transition rate of the associated jump process on Mt', 
that is, the process jumps from a state u to uj + kl[t^T] with rate T~^i'{k)dt while to — k[t^T] 
with rate T~^N!^\u!)7rif.{uj,dt). 

In order to extend these results for general u, we make use of an approximation procedure. 
To this end, let us first recall a standard construction of the Poisson process. Let ^ be the 
standard Poisson process on Z+ with intensity 61 (i.e. the Dirac measure at 1). Let be 
the z-th jump time of ^At, i.e. 
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Ti = inf{t > : ^ > ^_}, Ti = inf {t > n^i : ^ > i > 2. 

Let {ii}i>i be i.i.d. sequence with distribution p which are independent of ^ . Then 

(2.7) Xi-^e., t>0 

is a Poisson process on M°' with intensity v. 

Now, for any n > 1, let be the probabihty measure on 2~'^Z'^ with 

Un{2~''k) = u{Dn,k), Dn,k := {x G M'^ : x,, G [2""^^, 2-"(A:, + 1)), l<i<d}, keZ^ 
Let 

ef) = 5^2-M,,„,,te), .>1. 

Let ^"-"^ be determined by ^ in the same way. Then 

Ti<t 

is a Poisson process with intensity By Lemma [2. II we have 

for F G Cfe(Mr). Letting n ^ oo and using the dominated convergence theorem, we prove 
(11. ip . The formula (12. 6p can be confirmed in the same way for F, G G Ch{MT) and hence, 
also for F,G E ^^hiMx) by the monotone class theorem. Therefore, we have proved the 
following result. 

Theorem 2.3. /i is quasi-invariant under the map u i— > ^1[t,t] such that (1 1 . 1\) holds. Con- 
sequently, [S', 3l{Sy) is a conservative symmetric Dirichlet form on L'^{Mt', h), and the gen- 
erator (L, 3i{L)) with 2i{L) D ^biMx) is given by pi^l). 



3 The Poincare and log-Sobolev inequalities 

We first prove (IL2p . By the monotone class theorem and the fact that <^;,(Mr) is dense in 
^{S), it suffices to prove for the calss of bounded cylindrical functions. 

(3.1) ^l{F^) < /i2(r(F, F)) + /i(F)^ F G ^C^. 
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Let be the expectation taking for the the Poisson process X starting at 2 G M.'^. By taking 
z = (13. ip follows from 

» n 

(3.2) <W V(t,-t,_i)[/(Xi„--- ,X,J 

-f{Xt„--- ,Xt^_^,Xt^+x,--- ,X,^+x)Yu{dx), ZeM^ 

for = to < ^1 < ■ ■ • < < 7" and / G Co(M"). We shall prove this inequality by iterating 
in n. 

(1) Let n = 1 and ti = t G (0,T]. Then (13. 2p reduces to 

(3.3) WfiX,) < (WfiX,))' + tW [ {fiXt + x)- /(XO) V(dx). 
Recall that the generator of Xt is (cf. [T5] ) 



Lo/(z)= / if{z + x)-f{z)Mdx). 
Jr 

So the associated square field is 

ro(/,^7)(^) := {Loifg) - fLog - gL,f]{z) 

{f{z + x)- f{z)){g{z + x) - g{z)Mdx) 



Let P^f{z) = Wf{Xt) be the corresponding Markov semigroup. We have 

(3.4) P^fiz) - {P^f{z)f = [^/"{PUm^s = jy'MPlJ,PlJ){z)d, 
Since 

EV(X, + x) =E"+V(^s), s>0, xgM^ 



we have 



T,{PlJ,PlJ)){z)= I (E^[/(X,„, + x)-/(X,_,)])V(dx) 

< E^ / (/(Xi_, + x) - /(Xi_,))V(dx) = p*_.ro(/, /)(^). 



Then ([MD yields 

Jo 



Thus, (I33|) holds. 

(2) Assume that (13. 2p holds for n = k, it remains to prove it for n = /c + 1. Let 

g{z) = E^fiz, ■ ■ ■ , Z e R". 

By the assumption we have 

k+l 



<E' [ V(t,-t,.i)[/(Xo,X,,_,,,--- 



-tit ' ' ' ) ^ifc+i-ti j 

1=2 

- f{Xo,Xt,-t„--- ,Xt^_^^t„Xt^^t,+x,--- +x)]V(dx), 2;gM'^. 

Combining this with ( 13. 3p and using the Markov property, we obtain 

„ fc+i 

< {Wg{XtjY + tiE^ / {g{Xt, + x) - (?(XiJ)2zy(dx) 

^ k+l 

n k + l 



Therefore, (13. 2p holds for n = /c + 1. 

Finally, we intend to disprove the log-Sobolev inequality for any C > 0. Let ^i{F'^) = 1. 
Noting that 

^(F, F) = E{F{X + ei[r,T]) - F{X)f < 2EF{X + ^l[r,T]f + 2EF{Xf, 



it follows from the definition of fi, fi and the formula (11.11) that 

< 2^t{F^) + ^KNtF^) < 2 + A-V(i^'logF2) + A-Mog/i(e^^^). 

Noting that under /i Nt is a Poisson random variable with intensity T, we conclude that 
fi{e^^^) < oo for all A > 0. Thus, for any e > there exists C{e) > such that 

< Cie)+efiiFHogF'), ^i{F^) = 1. 
Therefore, if f ll.3p holds for some C > 0, then there exists C" > such that 

^^{FHogF')<C\ fi{F') = l. 
This is wrong since the support of fi is not a finite set. 
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